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Abstract
Haplotyping estimation from aligned single-nucleotide polymorphism fragments has attracted more and
more attention in recent years due to its importance in analysis of many fine-scale genetic data. Its
application fields range from mapping of complex disease genes to inferring population histories, passing
through designing drugs, functional genomics, and pharmacogenetics. The literature proposes a number of
estimation criteria to select a set of haplotypes among possible alternatives. Usually, such criteria can be
expressed under the form of objective functions, and the sets of haplotypes that optimize them are referred
to as optimal. One of the most important estimation criteria is the pure parsimony, which states that the
optimal set of haplotypes for a given set of genotypes is that having minimal cardinality. Finding the
minimal number of haplotypes necessary to explain a given set of genotypes involves solving an
optimization problem, called the pure parsimony haplotyping ( PPH) estimation problem, which is
notoriously NP-hard. This article provides an overview of PPH, and discusses the different approaches to
solution that occur in the literature.
Keywords: integer programming; computational biology; pure parsimony haplotyping; SNPs

1. Introduction
The combinations of genetic and environmental factors are the causes of common diseases such as
cancer, obesity, diabetes, cardiovascular, and inflammatory diseases (The International HapMap
Consortium, 2003). Discovering these genetic factors would provide fundamental new insights
into the diagnosis and treatment of human diseases.
The recent completion of the sequencing phase of the Human Genome Project (The
International HapMap Consortium, 2007) has shown that any two copies of the human genome
differ from one another by approximately 0.1% of nucleotide sites (i.e., one variant or
r 2009 The Authors.
Journal compilation r 2009 International Federation of Operational Research Societies
Published by Blackwell Publishing, 9600 Garsington Road, Oxford, OX4 2DQ, UK and 350 Main St, Malden, MA 02148, USA.

562

D. Catanzaro and M. Labbe´ / Intl. Trans. in Op. Res. 16 (2009) 561–584

polymorphism per 1000 nucleotides on average) (Wang et al., 1998; Cargill et al., 1999; Haluska et
al., 1999; Li and Sadler, 1991). This result has suggested as a possible approach to identifying
genetic risk factors, the search for an association between the variant sites of a specific
chromosome region and a disease, by comparing a group of affected individuals with a group of
unaffected ones (Risch and Merikangas, 1996). A number of association studies, focused on
candidate genes, have already led to the discovery of genetic risk factors for several diseases.
Examples include type 1 diabetes (Bell et al., 1984; Dorman et al., 1990; Nisticó et al., 1996), type
2 diabetes (Altshuler et al., 2000; Deeb et al., 1998), Alzheimer’s disease (Strittmatter and Roses,
1996), deep vein thrombosis (Dahlbäck, 1997), inflammatory bowel disease (Rioux et al., 2001;
Hugot et al., 2001; Ogura et al., 2001), hypertriglyceridemia ( Pennacchio et al., 2001),
schizophrenia (Stefansson et al., 2002), asthma (Van Eerdewegh et al., 2002), stroke
(Gretarsdottir et al., 2003), and myocardial infarction (Ozaki et al., 2002).
One approach to doing association studies consists of testing each putative variant site for
correlation with the disease (the direct or brute-force approach; The International HapMap
Consortium, 2003). At present, this approach is limited to sequencing the functional parts of
suspected genes, selected on the basis of a previous functional or genetic hypothesis (The
International HapMap Consortium, 2003). Unfortunately, the direct approach entails the
sequencing of numerous patient samples to identify the responsible variant sites, which in turn
becomes prohibitively expensive.
An alternative approach (called the indirect approach; The International HapMap Consortium,
2003) consists in exploiting human sequence variation as genetic markers. In fact, over 90% of
sequence variation among individuals is due to common variant sites (Li and Sadler, 1991), most
of which arose from single historical mutation events on the ancestral chromosome (The
International HapMap Consortium, 2005). Hence, in a group of people affected by a disease, the
variant sites causing the disease will be enriched in frequency compared with its frequency in a
group of unaffected ones. This observation was of considerable assistance, for example, in the
identification of the genes responsible for cystic fibrosis and diastrophic dysplasia (The
International HapMap Consortium, 2003, 2005).
The indirect approach is generally preferred to the direct one because it requires neither
sequencing multiple patient samples nor prior knowledge of putative functional variant sites.
However, in order to be applicable, the indirect approach requires determination of the common
patterns of DNA sequence variation in the human genome (also called haplotypes; see Fig. 1), by
characterizing sequence variants, their frequencies, and correlations between them (The
International HapMap Consortium, 2003). In general this is not an easy task, because the
current molecular sequencing methods only provide information about the combination (or
conflation) of the paternal and maternal haplotypes of an individual (also called genotype)
(Halldórsson et al., 2003). When the family-based genetic information of a population is available,
haplotypes can be retrieved experimentally (Lu et al., 2003). However, in the most general case the
experimental approach is laborious, cost-prohibitive, requires advanced molecular isolation
strategies (Clark et al., 2001), and is sometimes not even possible (Lancia et al., 2004). In the
absence of family-based genetic information, a valid alternative to the experimental approach is
provided by computational methods.
In order to rebuild the haplotype map of a population, computational methods have to solve an
optimization problem (called the haplotype inference problem) consisting of finding the set of
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Population
Individual 1 (father)
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Molecular sequence of a specific chromosome region
... A C A C G C C A ... T T C G G G G T C ... A G T C G A C C G ...

Individual 1 (mother) ... A C A C G C C A ... T T C G A G G T C ... A G T C A A C C G ...
Individual 2 (father)

... A C A T G C C A ... T T C G G G G T C ... A G T C A A C C G ...

Individual 2 (mother) ... A C A C G C C A ... T T C G G G G T C ... A G T C A A C C G ...

...

...

...

...
Individual k (father)

... A C A T G C C A ... T T C G G G G T C ... A G T C A A C C G ...

Individual k (mother) ... A C A C G C C A ... T T C G A G G T C ... A G T C G A C C G ...

Haplotypes
Haplotype 1

Molecular Sequence
C T C A C G G C G T A ...

Haplotype 2

T T G T C A A C A T A ...

Haplotype 3

C C C A T G A T G T G ...

...
Haplotype q

...
T C G T C G G C A A A ...

Fig. 1. Any two copies of the human genome differ from one another by approximately 0.1% of nucleotide sites. In this
example, most of the DNA sequence is identical in these chromosomes, but there are three nucleotides where variation
occurs. A pattern of DNA sequence variation defines a haplotype.

haplotypes that, opportunely conflated, generate the set of genotypes observed (Lancia et al.,
2004). Versions of this problem depend on the nature of the criterion used to choose a set of
haplotypes among possible alternatives (Zhang et al., 2006). Two main families of haplotyping
criteria have been proposed in the literature: the likelihood criterion (Excoffier and Slatkin, 1995;
Fallin and Schork, 2000; Niu et al., 2002a) and the parsimony criterion (Clark, 1990).
The likelihood criterion states that under many plausible explanations of an observed
phenomenon, the one with the highest probability of occurring should be preferred (Catanzaro,
2008). Hence, under the likelihood criterion, a set of haplotypes is defined to be optimal (or the
most likely) if it has the highest probability of explaining the observed genotypes (Halldórsson et
al., 2003). The likelihood criterion is well suited when the genotypes are characterized by a high
variability (Excoffier and Slatkin, 1995). As drawbacks, the corresponding optimization problem
is NP-hard (Halldórsson et al., 2003) and in some circumstances may provide misleading results
(Gusfield and Orzack, 2005). A recent extension of the likelihood criterion, Bayesian inference
(Erixon et al., 2003; Huelsenbeck et al., 2001; Larget and Simon, 1999), also uses biologically
based prior probabilities to obtain a more accurate estimate of haplotype frequencies (Lancia and
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Rizzi, 2006; Niu et al., 2002b; Stephens and Donnelly, 2003; Stephens et al., 2001). Just as with the
likelihood criterion, however, finding the optimal phylogeny using Bayesian inference is NP-hard
(Halldórsson et al., 2003).
The parsimony criterion states that under many plausible explanations of an observed
phenomenon, the one requiring the fewest assumptions should be preferred (Catanzaro, 2008).
Hence, under the parsimony criterion, a set H of haplotypes is defined to be optimal (or the most
parsimonious) for the genotypes analyzed if H is characterized by having the smallest cardinality
(Gusfield, 2003; Lancia et al., 2004; Lancia and Rizzi, 2006). The parsimony criterion is well
suited when the genotypes are characterized by a low–medium variability (Adkins, 2004; Gusfield
and Orzack, 2005), and is at the core of several versions of the haplotype problem, namely Clark’s
problem (Clark, 1990), the pure parsimony haplotyping ( PPH) problem (Lancia et al., 2004), the
minimum perfect phylogeny problem (Gusfield and Orzack, 2005), the minimum recombination
haplotype configuration problem (Li and Jiang, 2003), the zero recombination haplotype
configuration problem (Li and Jiang, 2003), and the k-minimum recombination configuration
problem (Li and Jiang, 2003). One drawback is that, apart from some polynomial cases (Gusfield
and Orzack, 2005; Li and Jiang, 2003; Zhang et al., 2006), each version of these optimization
problems has been proved to be NP-hard (Cilibrasi et al., 2005; Halldórsson et al., 2003).
We refer the reader interested in the likelihood criterion to Excoffier and Slatkin’s seminal work
(Excoffier and Slatkin, 1995), Halldórsson et al. (2003), and Gusfield and Orzack (2005).
Similarly, we refer the reader interested in the parsimony criterion to Gusfield and Orzack (2005)
and Bonizzoni et al. (2003).
Here, we provide a review of the available literature on the PPH problem (Lancia et al., 2004),
arising from a specific version of the parsimony criterion called the pure parsimony criterion
(Gusfield and Orzack, 2005). In Section 2 we describe in detail the biological reasons at the core of
the pure parsimony criterion, and formalize the corresponding optimization problem. In Section 3
we propose a possible taxonomy of the approaches to the solution of PPH. Finally, in Sections 4
and 5 we review in detail the main solution approaches, emphasizing the exact ones and their
current computational advances.

2. The PPH problem
The human genome is divided into 23 pairs of chromosomes; thereof, one copy is inherited from
the father and the other from the mother. A chromosome is an organized structure of DNA that
contains many genes, regulatory elements and other nucleotide sequences.
When a nucleotide site of a specific chromosome region shows a statistically significant
variability within a population then it is called single-nucleotide polymorphism (SNP).
Specifically, a site is considered an SNP if for a minority of the population a certain nucleotide
is observed (called the least frequent allele) while for the rest of the population a different
nucleotide is observed (the most frequent allele). The least frequent allele, or mutant type (Zhang
et al., 2006), is generally encoded as ‘‘1’’, as opposed to the most frequent allele, or wild type
(Zhang et al., 2006), generally encoded as ‘‘0’’. A haplotype is a set of alleles, or more formally, a
string of length p over an alphabet S 5 f0, 1g.
r 2009 The Authors.
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The diploid nature of humans implies that, for a given SNP, an individual can be either
homozygous of type 0/1 (i.e., both the father and the mother alleles are equal) or heterozygous
(i.e., the father and the mother alleles are different). When extracting the SNPs from an individual
(i.e., when genotyping an individual) the information about which haplotype (maternal or
paternal) a given allele belongs to is missed and only the homo- or heterozygous nature of the site
is known. Hence, the genotype of an individual can be thought as a string of length p over an
alphabet S 5 f0, 1, 2g, where the symbols ‘‘0’’ or ‘‘1’’ are used to denote a homozygous site and
the symbol ‘‘2’’ is used to denote a heterozygous site. As an example, the sequence h0, 1, 2i
denotes a genotype in which the first SNP is homozygous of wild type, the second SNP is
homozygous of mutant type, and finally the third SNP is heterozygous.
Haplotyping a set of genotypes means recovering from a set of genotypes the corresponding
generating haplotypes. As an example, the generating haplotypes for the genotype h0, 1, 2i are
h0, 1, 1i and h0, 1, 0i. It is worth noting that the number of possible generating haplotypes for a
given genotype g grows exponentially as a function of the number of heterozygous sites of g.
Specifically, if n is the number of heterozygous sites in a genotype g, then there exist 2n ! 1 possible
haplotypes that may generate g (Zhang et al., 2006). As an example, genotype h0, 1, 2, 2i may be
generated by combining appropriately either the pair of haplotypes fh0, 1, 0, 0i, h0, 1, 1, 1ig or the
pair fh0, 1, 1, 0i, h0, 1, 0, 1ig. This insight entails the use of a criterion to select pairs of haplotypes
among possible alternatives.
The analysis of low-rate recombination genes of different molecular functions (e.g., chaperone,
ligase, isomerase, kinase, and transferase; see The International HapMap Consortium, 2007) has
shown that the number of distinct haplotypes existing in a large population of individuals is
generally much smaller than the overall number of distinct genotypes observed in that population
(Wang and Xu, 2003). This insight has suggested that, at least for low-rate recombination genes,
the criterion of minimizing the overall number of haplotypes necessary to explain a set of
genotypes may have good chances to recover the biological haplotype set (Wang and Xu, 2003).
This criterion, first introduced by Gusfield (2001), is known as the pure parsimony criterion of
haplotype estimation and can be formalized as follows.
Given a pair of haplotypes fhi, hj g, define the operator sum " among hi and hj as the genotype
g whose pth entry is hip if hip 5 hjp, and 2 otherwise. As an example, the genotype obtained by
summing haplotypes hi 5 h0, 1, 1, 0i and hj 5 h1, 1, 0, 0i is g 5 h2, 1, 2, 0i. We say that a genotype
gk is resolved from a pair of haplotypes fhi, hj g if gk 5 hi " hj. Haplotyping a set of genotypes
under the pure parsimony criterion, hence, consists of solving the following optimization problem:
Problem. PPH.
Given a set G of m genotypes, having p SNPs each, find the minimum set H of haplotypes such
that for each genotype gk 2 G there exists a pair of haplotypes fhi ; hj g 2 H resolving gk.
As an example, an instance of PPH and the corresponding solution is shown in Fig. 2.
PPH is known to be polynomially solvable when each genotype has at most two heterozygous
sites (Lancia and Rizzi, 2006), and APX-hard when each genotype has at least three
heterozygous sites (Lancia et al., 2004). We shall propose now a possible taxonomy of the main
approaches to solution of PPH currently available in the literature, and subsequently we shall
review them in detail.
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Instance of PPH
Genotypes

SNP

Genotype 1

1

2

2

1

Genotype 2

2

0

2

2

Genotype 3

2

0

1

1

Genotype 4

1

0

2

2

Genotype 5

1

2

0

2

Solution
Haplotypes
Haplotype 1

Conflation

SNP
1

0

1

1

Haplotype 2

1

1

0

1

Haplotype 3

0

0

1

1

Haplotype 4

1

0

0

0

Genotype 1 = Haplotype 1

Haplotype 2

Genotype 2 = Haplotype 3

Haplotype 4

Genotype 3 = Haplotype 1

Haplotype 3

Genotype 4 = Haplotype 1

Haplotype 4

Genotype 5 = Haplotype 2

Haplotype 4

Fig. 2. Graphical representation of an instance of pure parsimony haplotyping ( PPH) and the corresponding solution.

Table 1
References classified by approaches to solution
Approach to solution
Exact
Combinatorial branch-and-bound algorithms
Exponential ILP models
Polynomial and hybrid ILP models

Pseudo-Boolean optimization algorithms
Non-exact
Approximation algorithms
Greedy heuristics
Semi-definite programming heuristics
Metaheuristics

References
Wang and Xu (2003)
Gusfield (2003), Gusfield and Orzack (2005)
Lancia and Rizzi (2006), Lancia and Serafini (2008)
Brown and Harrower (2004, 2005, 2006), Bertolazzi et al. (2008)
Catanzaro et al. (2007), Halldórsson et al. (2004)
Lancia et al. (2004)
Lynce and Marques-Silva (2006a, b), Graça et al. (2007)
Lancia et al. (2004), Lancia and Rizzi (2006)
Godi et al. (2004), Li et al. (2005), Wang and Xu (2003)
Huang et al. (2005), Kalpakis and Namjoshi (2005)
Di Gaspero and Roli (2008), Wang et al. (2005)

ILP, Integer Linear Programming.

3. A possible taxonomy of the literature
The main perspective to classify the literature on PPH is the solution approach. Specifically, we
can distinguish between exact and non-exact approaches. Exact approaches include combinatorial
branch-and-bound algorithms, integer linear programming (ILP) models and pseudo-Boolean
optimization ( PBO) algorithms. Non-exact approaches include approximation algorithms, greedy
heuristics, semi-definite programming heuristics, and metaheuristics. Table 1 lists the references
according to this classification.
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Historically, exact approaches were the first to be proposed in the literature on PPH. Apart from
the combinatorial branch-and-bound algorithms, exact approaches can be subdivided into three
groups according to the size of the model proposed. Specifically, we can distinguish among models
of exponential size, models of polynomial size, and hybrid models. As a general trend, polynomial
models outperform exponential and hybrid models. However, almost all models run into problems
when trying to solve difficult instances, i.e., instances having a large number of heterozygous sites
per genotype (Lancia, 2008). In fact, exponential models imply the creation of too many variables
and/or constraints for obtaining a solution within a reasonable time. On the other hand, apart from
some exceptions (see Catanzaro et al., 2007), polynomial and hybrid models use quite weak lower
bounds, so that closing the gap and terminating the branch-and-bound search is impractical within
a reasonable time. We shall discuss exact approaches in Section 4.
Non-exact approaches have been developed more recently and are far less numerous than exact
approaches. They are typically heuristics, i.e., algorithms that produce reasonably good solutions
in short computing time (Papadimitriou and Steiglitz, 1998, p. 401). Although in general
heuristics do not provide any formal guarantee of the quality of the solution found, for some of
them (hereafter referred to as approximation algorithms), it is possible to prove that the solution
found is optimal up to a small constant factor. The presence (or absence) of such certificate of
quality suggests, as possible classification of non-exact approaches, the subdivision into
approximation algorithms and heuristics. The class of approximation algorithms for PPH has
more a theoretical importance and no computational aspect has ever been analyzed as opposed to
the class of heuristics, which is more of practical interest. Heuristics can be subdivided into
greedy, semi-definite programming, and metaheuristics. Greedy heuristics are typically
constructive in nature and perform at each iteration locally optimal choices. Semi-definite
programming heuristics exploit the linear relaxation of quadratic formulations of PPH and
provide solutions by means of rounding procedures. Metaheuristics are algorithms that combine a
number of heuristics to tackle the problem in a more efficient way. As a general trend,
metaheuristics outperform greedy and semi-definite programming heuristics providing qualitative
better solutions in reasonable computing times (Di Gaspero and Roli, 2008; Wang et al., 2005).
We shall discuss non-exact approaches in Section 5.

4. Exact approaches
4.1. Combinatorial branch-and-bound algorithms
The first exact approach to the solution of PPH was proposed by Wang and Xu (2003) and dates
back to 2003. The approach is based on a simple combinatorial branch-and-bound algorithm in
which the solution of the problem is built by enumerating all possible resolutions for each
genotype in G. The upper bound proposed is computed by means of a greedy heuristic that
generates, for each genotype g 2 G, a set of possible resolving haplotypes and subsequently selects
from those sets the smallest number of haplotypes that resolve the genotype set. Because of the
weakness of the upper bound, Wang and Xu’s algorithm is unable to solve instances of size
comparable to other exact approaches. Even instances containing 20 genotypes of 20 SNPs each
can take an extremely long time to be solved (Lancia, 2008).
r 2009 The Authors.
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4.2. Exponential ILP models
Gusfield (2003) and Gusfield and Orzack (2005) proposed the first exact approach to the solution
of PPH based on ILP. Specifically, the author introduced an ILP model, called TIP, based on an
implicit enumeration of all possible 2k ! 1 haplotypes that resolve each input genotype. TIP can be
summarized as follows. Denote H as the set of all possible haplotypes explaining the set of
genotypes G, and let xh be a decision variable associated with each haplotype hAH. Fix any total
order on H and denote H2 as the set of those pairs of haplotypes (h1, h2) such that h1, h2AH,
h1oh2. Finally, for every genotype g 2 G, let Hg2 ¼ fðh1 ; h2 Þ 2 H 2 : h1 " h2 ¼ gg. Let yh1 h2 be a
decision variable associated with every pair (h1, h2)AH2. Then, the following model is a valid
formulation of PPH:
Formulation 1. Gusfield’s (2003) model
X
min
xh ;

ð1Þ

h2H

s:t:

X

yh1 h2 *1;

ðh1 ;h2 Þ2Hg2

yh1 h2 )xh1 ;
yh1 h2 )xh2 ;

xh 2 f0; 1g;

yh1 h2 2 f0; 1g;

8g 2 G;

ð2Þ

8ðh1 ; h2 Þ 2 H 2 ;

ð3Þ

8h 2 H;

ð5Þ

8ðh1 ; h2 Þ 2 H 2 ;
2

8ðh1 ; h2 Þ 2 H :

ð4Þ
ð6Þ

Constraints (2) impose that each genotype is explained by at least one pair of haplotypes, and
constraints (3)–(4) impose that haplotypes (h1, h2) are allowed to explain genotype g only if h1 and
h2 belong to the solution.
TIP is characterized by an exponential number of variables and constraints that make it
impractical to solve even for small instances (Gusfield, 2003; Gusfield and Orzack, 2005). For this
reason, Gusfield (2003) proposed a new model, called reduced TIP (RTIP), to provide solutions to
PPH in reasonable times. The core of RTIP is based on a preprocessing strategy consisting of
removing the decision variables related to those pairs of haplotypes whose sum does not result in a
genotype belonging to G. The strategy preserves the optimality of the solution and makes RTIP
able to tackle instances containing up to 50 genotypes of 30 SNPs each and characterized by a
relatively small numbers of heterozygous sites. No column-generation technique was described in
Gusfield’s article (Gusfield, 2003) and, according to Lancia and Serafini (2008), none seems
suitable for RTIP. Recently, the particular structure of TIP was analyzed by Lancia and Rizzi
(2006). The authors proved that when each genotype has at most two heterozygous sites, TIP
constraint matrix (3)–(6) is totally unimodular and PPH is reducible to the node cover (NC)
problem (Garey and Johnson, 2003) on a bipartite graph. Lancia and Rizzi also provided a
polynomial algorithm able to solve this class of PPH instances with an overall computational
complexity O( pm1m3/2).
An alternative exponential model for PPH was proposed more recently by Lancia and Serafini
(2008). The idea at the core of the model is to formulate PPH as a version of the set covering (SC)
r 2009 The Authors.
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problem (Garey and Johnson, 2003). Specifically, the authors observed that if H is a feasible
solution to PPH then for each genotype g 2 G there must exist a haplotype h 2 H able to resolve
g for all of its homozygous sites. The authors called this property the covering condition and
described an ILP model able to find a haplotype set H for G satisfying the covering condition.
The model can be described as follows.
Given a genotype g, let g(s) be the sth SNP of g. Similarly, given a haplotype h, let h(s) be the
sth SNP of h. A haplotype h is said to be compatible with g if g(s) 5 h(s) whenever g(s) 6¼ 2. For
each genotype g 2 G, denote A(g) as the set of heterozygous sites of g, H(g) as the set of
haplotypes that are compatible with g, and Hsa(g) as the sets of haplotypes that are compatible
with g and such that their sth SNP is equal to aAf0, 1g. Finally, let HG ¼ [g2G HðgÞ. Let xh be a
decision variable used to select a haplotype h 2 HG . Then, the following ILP model ensures the
satisfaction of the covering condition:
Formulation 2. Lancia and Serafini’s (2008) model
X
min
xh ;
h2HG

s:t:

X

xh *1;

h2Hsa ðgÞ

xh 2 f0; 1g;

ð7Þ

8g 2 G; s 2 AðgÞ; a 2 f0; 1g;

ð8Þ

8h 2 HG ;

ð9Þ

where constraints (8) are analogous to constraints (2) in TIP.
The above model is characterized by an exponential number of variables and a polynomial
number of constraints. However, the authors observed that a solution to the above model is not
necessarily a solution to PPH. In fact, the covering condition is a necessary but not sufficient
condition to guarantee the feasibility of a solution to PPH. For example, consider the instance
G ¼ fh1; 2; 2; 2i; h2; 1; 2; 2i; h2; 2; 1; 2i; h2; 2; 2; 1ig, the haplotype set H ¼ fh0; 1; 1; 1i; h1; 0; 1; 1i;
h1; 1; 0; 1i; h1; 1; 1; 0ig satisfies the covering condition but does not resolve G. Hence, in order to
guarantee the feasibility of the solution for PPH, the authors added the following set of
exponential cuts to Formulation 2:
X
xh *1; 8 g 2 G; 8 H 0 ;
h2HG nH 0

where H 0 is an insufficient haplotype set, i.e., a haplotype set satisfying the covering condition but
not resolving G (Lancia and Serafini, 2008). The resulting model is characterized by an
exponential number of variables and constraints, and can be further strengthened by specific
clique inequalities (Lancia and Serafini, 2008). The authors solved the linear programming (LP)
relaxation of the model by means of row- and column-generation techniques, and observed that
the lower bound so obtained is tight for the set of instances analyzed. A systematic comparison
between Formulations 1 and 2 shows that RTIP needs a quantity of memory almost double that
for Lancia and Serafini’s model, and requires a solution time up to two orders of magnitude larger
than Lancia and Serafini’s (2008) model.
r 2009 The Authors.
Journal compilation r 2009 International Federation of Operational Research Societies

D. Catanzaro and M. Labbe´ / Intl. Trans. in Op. Res. 16 (2009) 561–584

570

4.3. Polynomial and hybrid ILP models
The first polynomial models for PPH date back to 2004 and are based on the following insight
(Lancia et al., 2004): if the set of genotypes G has cardinality m, then at most 2m haplotypes are
necessary to resolve G (Lancia et al., 2004). Hence, any solution of PPH may be represented by
means of a matrix having at most 2m distinct rows and p columns. Halldórsson et al. (2004) and
Lancia et al. (2004) exploited this fact to propose (almost simultaneously) a polynomial model for
PPH. Because of the similarity of both models, in the following we shall focus on Halldórsson et
al.’s (2004) model.
Let H be a 2m & p binary matrix whose ith row represents the ith haplotype used to resolve
some genotypes in G. Assume that the rows of H are sorted according to the order of G, i.e., h2i ! 1
and h2i are the rows of H resolving gi. For the ith genotype gi 2 G, we denote by gi(s) its sth SNP
and by SNP the set of SNPs of each genotype.
Let zis be a decision variable representing the sth site of ith haplotype in H. For each possible
pair of haplotypes in 14ioj42m, let yij be a decision variable equal to 1 if haplotype hi 6¼ hj, and
0 otherwise. Finally, let xi be a decision variable equal to 1 if all haplotypes with an index higher
than i are different from hi, and 0 otherwise. Then, the following model is a valid formulation of
PPH:
Formulation 3. Halldórsson et al.’s (2004) model
min

2m
X

ð10Þ

xi ;

i¼1

s:t: z2i!1;s ¼ z2i;s ¼ gi ðsÞ;

8 i 2 G; s 2 SNP : gi ðsÞ 6¼ 2;

zis ! zqs )yiq ;

8 1)i < q)2m; s 2 SNP;

z2i!1;s þ z2i;s ¼ gi ðsÞ ! 1;

zqs ! zis *yiq ;
xi *1 !

i!1
X
j¼1

ð1 ! yji Þ;

ð11Þ

8 i 2 G; s 2 SNP : gi ðsÞ ¼ 2;

ð12Þ

8 1)i < q)2m; s 2 SNP;

ð14Þ

8 1)i)2m;

xi ; yij ; zis 2 f0; 1g:

ð13Þ

ð15Þ
ð16Þ

Constraints (11)–(12) impose the sum operator between haplotypes. Constraints (13)–(14) force
yij to be 1 if hi differs from hj. Finally, constraints (15) force xi to be 1 if there are no haplotypes
with an index higher than i equal to hi. It is easily seen that the above model is polynomial in terms
of both variables and constraints.
Lancia et al. (2004) discussed possible preprocessing techniques to further reduce of one order
of magnitude the size of Formulation 3. However, neither Halldórsson et al. (2004) nor Lancia et
al. (2004) provided information about the computational performances of their respective models.
Only recently, Brown and Harrower (2006) tested the above polynomial model on a set of
artificial and biological datasets. Specifically, the authors observed that the lower bound obtained
from the LP relaxation of Formulation 3 is quite poor, and even including ad hoc valid
inequalities the overall performance is noticeably worse than Gusfield’s RTIP (Brown and
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Harrower, 2006). Therefore, Brown and Harrower developed an alternative model, called
HybridIP, able to combine both the practical size of Formulation 3 and the reasonable runtime of
Gusfield’s RTIP. HybridIP can be summarized as follows.
Let H be the 2m & p binary matrix of Formulation 3, and let He 5 {h1, h2, . . . , hq} be a set of q
specific haplotypes potentially used to resolve some genotypes in G. Let xi and xj be decision
variables used to select a haplotype in H and He, respectively. Let zis be a decision variable
representing the sth SNP of the ith haplotype. For each pair of haplotypes (hi, hj )AHe and
genotype k 2 G, let wk(ij) be a decision variable equal to 1 if both haplotypes hi and hj are used to
resolve k, and 0 otherwise. For each haplotypes hiAHe and genotype k 2 G, let wkði( Þ be a decision
variable equal to 1 if genotype k is resolved by a pair of haplotypes of which only hi belongs to He,
and 0 otherwise. Let Wk be the set of all wk(ij) and wkði( Þ variables. For each genotype k 2 G, let uk
be a decision variable equal to 1 if k is resolved by a pair of haplotypes that do not belong to He,
and 0 otherwise. Finally, let yh0 h00 be a decision variable equal to 1 if haplotype h 0 6¼ h00 , and
h 0 , h00 AH. Similarly, let yh0 h00 be a decision variable equal to 1 if haplotype h 0 6¼ h00 , where at least
one between h 0 and h00 belongs to He. Then, the following model is a valid formulation of PPH:
Formulation 4. Brown and Harrower’s (2006) model
min

jHe j
X
i¼1

x0i þ

s:t: uk þ

2m
X

X

wkðirÞ 2Wk

x0i *wkðijÞ ;

ð17Þ

xi ;

i¼1

wkðirÞ ¼ 1;

x0j *wkðijÞ ;

8 k 2 G;

ð18Þ

8 k 2 G; wkðijÞ 2 Wk ;

ð19Þ

8 k 2 G; wkðijÞ 2 Wk ;

ð20Þ

z2k!1;s þ z2k;s ¼ gk ðsÞ ! 1;

8 k 2 G; s 2 SNP : gk ðsÞ ¼ 2;

ð22Þ

zjs ! zis )yij ;

8 i; j 2 H; s 2 SNP;

z2k!1;s ¼ z2k;s ¼ gk ðsÞ;

8 k 2 G; s 2 SNP : gk ðsÞ 6¼ 2;

zis ! zjs )yij ;

zjs )y0ij ;
1!

zjs )y0ij ;

xi *2 ! ðq þ iÞ þ

8 i; j 2 H; s 2 SNP;

ð23Þ

8 i 2 He ; j 2 H; s 2 SNP : gk ðsÞ ¼ 0;

ð25Þ

8 i 2 He ; j 2 H; s 2 SNP : gk ðsÞ ¼ 1;

y0j;2k!1 *uk ;
y0j;2k *uk ;
y0j;2k!1 )1 ! wkðijÞ ;
y0j;2k )1 ! wkðijÞ ;

j¼1

y0ji þ

i!1
X

yji ;

j¼1

xi ; x0i ; zks ; yij ; y0ij ; wkðijÞ ; ui 2 f0; 1g:

ð24Þ

ð26Þ

8 k 2 G; j 2 He ;

ð27Þ

8 k 2 G; wkðijÞ 2 Wk ;

ð29Þ

8 k 2 G; j 2 He ;

q
X

ð21Þ

ð28Þ

8 k 2 G; wkðijÞ 2 Wk ; j 6¼ (;

ð30Þ

8 i 2 H;

ð31Þ
ð32Þ
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Constraints (18) impose that each genotype be resolved by a pair of haplotypes such that both
haplotypes belong to H, or to He, or one to H and another to He. Constraints (19)–(20) impose
that variables wk(ij) can be used only if the corresponding haplotypes are chosen. Constraints (21)–
(22) impose the sum operator among haplotypes. Constraints (23)–(24), respectively (25)–(26), are
analogous to constraints (13)–(14) in Formulation 3. Constraints (27)–(28) impose that
haplotypes belonging to H do not belongs to He. Similarly, constraints (29)–(30) impose that
haplotypes belonging to He do not belongs to H. Finally, constraints (31) are analogous to
constraints (15) in Formulation 3. Brown and Harrower (2006) compared HybridIP versus RTIP
and Formulation 3 by using two sets of artificial and biological instances of PPH. The authors
observed that HybridIP outperforms both RTIP and Formulation 3, proving to be on average
faster and able to solve a larger number of instances.
At present, no direct comparison between the performances of HybridIP and Lancia and
Serafini’s (2008) model is possible, due to different biological instances and runtime environment
used by both groups of authors.
Just as with Brown and Harrower, Bertolazzi et al. (2008) developed an alternative polynomial
model able to combine both the practical size of Formulation 3 and the reasonable runtime of
Gusfield’s RTIP. The main differences from Brown and Harrower’s model are the absence of the
set He and the presence of TIP covering constraints (2). The model can be summarized as follows.
Assume that the solution of PPH is represented by a binary matrix H just as with Halldórsson
et al.’s model. For each haplotype in H, let xi be a decision variable equal to 1 if haplotype i
belongs to the solution, and 0 otherwise. For each genotype k 2 G and pair of haplotypes i, jAH,
let yijk be a decision variable equal to 1 if the pair of haplotypes (i, j) resolve k, and 0 otherwise.
Finally, for each site s 2 SNP and haplotype iAH, let zis be a decision variable equal to 1 if the
sth of haplotype i is equal to ‘‘1’’, and 0 otherwise. Then, the following model is a valid
formulation of PPH:
Formulation 5. Bertolazzi et al.’s (2008) model-minimization problem
min

UB
X

ð33Þ

xi ;

i¼1

s:t:

UB
X

ykij *1;

8 k 2 G;

ð34Þ

8 k 2 G; i 2 f1; . . . ; UBg;

ð35Þ

ykij )xi ;

8 k 2 G; i 2 f1; . . . ; UBg; s 2 SNP : gk ðsÞ ¼ 0;

ð36Þ

ykij ;

8 k 2 G; i 2 f1; . . . ; UBg; s 2 SNP : gk ðsÞ ¼ 1;

ð37Þ

8 k 2 G; i; j 2 f1; . . . ; UBg; s 2 SNP : gk ðsÞ ¼ 2; i 6¼ j;

ð38Þ

i;j¼1
UB
X

ykij )xi ;

j:i6¼j

zis þ

UB
X
j:i6¼j

zis *

UB
X
j:i6¼j

zis þ zjs *ykij ;
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zis þ zjs )xi þ xj ! ykij ;
xi ; ykij ; zis 2 f0; 1g:

8 k 2 G; i; j 2 f1; . . . ; UBg; s 2 SNP : gk ðsÞ ¼ 2; i 6¼ j;
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ð39Þ
ð40Þ

where UB is an upper bound on the overall number of haplotypes needed to resolve the instance
analyzed. Constraints (34) impose that each genotype must be resolved by at least a pair of
haplotypes. Constraints (35) impose that a genotype can be explained by haplotype i only if i
belongs to the solution. Finally, constraints (36)–(39) impose the sum operator between
haplotypes. Bertolazzi et al. (2008) set the initial value of UB by means of a heuristic called
Collaps (see Section 5.2). However, the authors observed that PPH can be solved by replacing
Formulation 5 by a sequence of maximization problems. Specifically, the authors proposed an
iterative procedure in which at each step the value of UB is decremented by one and the following
maximization problem is solved:
Formulation 6. Bertolazzi et al.’s (2008) model-maximization problem
max

m X
UB
X

ykij ;

ð41Þ

k¼1 i;j¼1

s:t:

UB
X

ykij )1;

8 k 2 G;

ð42Þ

8 i; j 2 f1; . . . ; UBg;

ð43Þ

ykij )1;

8 k 2 G; i 2 f1; . . . ; UBg; s 2 SNP : gk ðsÞ ¼ 0;

ð44Þ

ykij ;

8 k 2 G; i 2 f1; . . . ; UBg; s 2 SNP : gk ðsÞ ¼ 1;

ð45Þ

8 k 2 G; i; j 2 f1; . . . ; UBg; s 2 SNP : gk ðsÞ ¼ 2; i 6¼ j;

ð46Þ

8 k 2 G; i; j 2 f1; . . . ; UBg; s 2 SNP : gk ðsÞ ¼ 2; i 6¼ j;

ð47Þ

i;j¼1

X

ykij )1;

k2G

zis þ

UB
X
j:i6¼j

zis *

UB
X
j:i6¼j

zis þ zjs *ykij ;

zis þ zjs )2 ! ykij ;
ykij ; zis 2 f0; 1g:

ð48Þ

Formulation 6 provides the maximum number of genotypes that can be resolved using at most
UB haplotypes. If its optimal value is m then UB is decreased by one unit. The iterative procedure
is repeated until no further decrement of UB is possible. Hence, the final value of UB is the
optimal value of PPH. The authors showed that Formulation 6 can be further strengthened by
adding clique inequalities, symmetry-breaking inequalities, and dominance relations. Computational results evidenced that the resulting formulation has performances comparable with Brown
and Harrower’s model.
The most recent polynomial model for PPH has been proposed by Catanzaro et al. (2007) and
is based on the class representatives with smallest index similar to the one proposed by Campelo et
al. (2008) for the node coloring problem (Garey and Johnson, 2003). The authors observed that
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any feasible solution to PPH is constituted by (i) a set Hof (at most 2m) haplotypes and (ii) for
each genotype gk 2 G, a specification of a pair of haplotypes, say fhi, hj g, resolving gk, i.e., such
that gk 5 hi " hj. For example, the alternative (minimum) solutions relative to the instance of PPH
shown in Fig. 3 satisfy both conditions (i) and (ii). However, note that, although having the same
set of haplotypes, Solutions 1 and 2 of Fig. 3 are different, as they satisfy condition (ii) in a
different way.
The authors also observed that a feasible solution to PPH can be represented by means of a
bipartite graph in which each vertex gk 2 G is of degree 2 and the two other vertices, say hi and hj,
adjacent to gk satisfy gk 5 hi " hj. As an example, the bipartite graphs corresponding to Solutions
1 and 2 of Fig. 3 are depicted in Fig. 4a and b, respectively. The bipartite graph representation of a
solution suggests that in a feasible solution to PPH the haplotypes induce a family of subsets of
genotypes satisfying the following three properties: (i) each subset of genotypes shares one
haplotype, (ii) each genotype belongs to exactly two subsets, and (iii) every pair of subsets
intersects in at most one genotype. As an example, the haplotypes of Solution 1 in Fig. 3 induce
the family of subsets of Fig. 5a satisfying properties (i)–(iii). Specifically, the subsets are induced

Instance of PPH
Genotypes

SNP

Genotype 1

2

2

2

2

Genotype 2

1

2

0

2

Genotype 3

0

2

1

2

Minimum Solution 1
Haplotypes

SNP

Conflation

Haplotype 1

1

1

0

0

Haplotype 2

0

0

1

1

Haplotype 3

1

0

0

1

Haplotype 4

0

1

1

0

Genotype 1 = Haplotype 1

Haplotype 2

Genotype 2 = Haplotype 1

Haplotype 3

Genotype 3 = Haplotype 2

Haplotype 4

Minimum Solution 2
Haplotypes

SNP

Conflation

Haplotype 1

1

1

0

0

Haplotype 2

0

0

1

1

Haplotype 3

1

0

0

1

Haplotype 4

0

1

1

0

Genotype 1 = Haplotype 3

Haplotype 4

Genotype 2 = Haplotype 1

Haplotype 3

Genotype 3 = Haplotype 2

Haplotype 4

Fig. 3. Graphical representation of an instance of pure parsimony haplotyping ( PPH) and two alternative solutions in
Catanzaro et al.’s (2007) model.
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(b)
h1

h1
g1

g1

h2

h2
g2

g2

h3
h4

h3
g3

g3

h4

Fig. 4. Bipartite graph representation of Solutions 1 and 2 of Fig. 2.

(a)

(b)

Haplotype 3=1001

Haplotype 1=1100

Haplotype 3=1001

Haplotype 1=1100
Genotype 2=1202

Genotype 2=1202

Genotype 1=2222

Haplotype 2=0011

Genotype 3=0212

Haplotype 4=0110

Genotype 1=2222

Haplotype 4=0110

Genotype 3=0212

Haplotype 2=0011

Fig. 5. Examples of subsets of genotypes induced by the two alternative solutions of Fig. 2.

by the following four haplotypes: h1 5 f1100g inducing the subset S1 5 f2222, 1202g, h2 5 f0011g
inducing the subset S2 5 f2222, 0212g, h3 5 f1001g inducing the subset S3 5 f1202g, and finally
h4 5 f0110g inducing the subset S4 5 f0212g. Similarly, the haplotypes of Solution 2 in Fig. 4
induce the family of subsets of Fig. 5b satisfying properties (i)–(iii). Specifically, the subsets are
induced by the following four haplotypes: h1 5 f1100g inducing the subset S1 5 f1202g,
h2 5 f0011g inducing the subset S2 5 f0212g, h3 5 f1001g inducing the subset S3 5 f2222, 1202g,
and finally h4 5 f0110g inducing the subset S4 5 f2222, 0212g.
Catanzaro et al. (2007) exploited the bipartite graph representation of a solution to PPH to
provide an ILP model that can be summarized as follows. Let associate an index with each subset
S of genotypes induced by a haplotype h. Specifically, if i is the smallest index of a genotype
belonging to S, then i is the index associated with S and the subset will be denoted as Si. Since
each genotype k belongs to exactly two subsets (as it must be explained by exactly two haplotypes)
it may happen that k is itself the genotype with smallest index in both subsets. In this case a
dummy genotype k 0 is added, and the subset Sk0 is created. As an example, one can imagine that
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the haplotype h1 induces the subset Si 5 fgi, gj, gk, . . .g, h2 induces the subset
Si0 ¼ fgi ; gl ; gr ; gs ; . . .g, h3 induces the subset Sk 5 fgk, gl, gs, gt, . . .g, and so on. We remark that
the index k 0 can be considered only if k was previously used, i.e., if the subset Sk already exists.
Since at most 2m haplotypes are necessary to resolve m genotypes (Lancia et al., 2004), then the
indices i of the subsets Si can vary inside K [ K 0 , where K 5 f1, . . . , mg and K 0 5 f1, . . . , m 0 g.
Assume that an order is defined on K [ K 0 in such a way that 1o1 0 o2o2 0 o . . . omom 0 . Define
xi, 8iAK [ K 0 , as a decision variable equal to 1 if, in the solution, there exists a haplotype inducing
a subset Si of genotypes whose smallest index genotype is gi, and 0 otherwise. Denote yijk, 8kAK,
8i, jAK [ K 0 , ioj, as a decision variable equal to 1 if the genotype k belongs to the subsets Si and
Sj, and 0 otherwise. Finally, denote zis, 8iAK [ K 0 , s 2 SNP, as a decision variable equal to 1 if
the haplotype inducing the subset Si of genotypes has such a value at sth site, and 0 otherwise.
Variables zis shall describe explicitly the haplotypes of the solution just as with Bertolazzi et al.’s
(2008) model. Then, the following model is a valid formulation of PPH:
Formulation 7. Catanzaro et al.’s (2007) model
X
min
xi

ð49Þ

i2K[K 0

s:t: xi0 )xi ;
X
ykij *1;

ykij þ

j2K[K 0 :j*i

X

ykji )xi ;

j2K[K 0 :j < i

ykkk0 )xk0 ;
zks ¼ zk0 s ¼ 0;

zks ¼ zk0 s ¼ 1;

j2K[K 0 :j*i

zis *

8 k 2 K; 8 i 2 K [ K 0 ;

ð52Þ

8 k 2 K;

ð53Þ

j2K[K 0 :j*i

ð51Þ

8 k 2 K; 8 s 2 SNP : gk ðsÞ ¼ 0;

ð54Þ

8 k 2 K; 8 s 2 SNP : gk ðsÞ ¼ 2;

ð56Þ

8 k 2 K; 8 s 2 SNP : gk ðsÞ ¼ 1;

zks þ zk0 s ¼ 1;
X
zis )1 !
X

ð50Þ

8 k 2 K;

i;j2K[K 0

X

8 i 2 K;

ykij !

ykij þ

X

j2K[K 0 :j < i

X

j2K[K 0 :j < i

ykji ;

ykji ;

8 s 2 SNP; 8 k 2 K : gk ðsÞ ¼ 0;
0

0

8 i 2 K [ K ; i 6¼ k; k ;
8 s 2 SNP; 8 k 2 K : gk ðsÞ ¼ 1;
0

0

8 i 2 K [ K ; i 6¼ k; k ;

zis þ zjs *ykij ;

8 s 2 SNP; 8 k 2 K : gk ðsÞ ¼ 2;

zis þ zjs )2 ! ykij ;

8 s 2 SNP; 8 k 2 K : gk ðsÞ ¼ 2;

xi ; zis ; ykij 2 f0; 1g:

8 i; j 2 K [ K 0 ;

8 i; j 2 K [ K 0 ;
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The objective function (49) represents the number of distinct haplotypes or equivalently the
cardinality of H. Since the index i 0 is considered only if i is already used, constraints (50) implies
that if the haplotype hi is not used, then hi0 should not be used. Constraints (51) impose that each
genotype gk must belong to exactly two subsets Si, Sj, and constraints (52) force xi to be 1, i.e., to
take haplotype hi into account, if some genotype gk is resolved by hi. Constraints (53) are a
consequence of the definition of the dummy genotype k 0 . Actually, they constitute a special
version of constraints (52) when genotype k is resolved by haplotype k 0 . Constraints (54)–(56)
translate the sum operation among haplotypes. Specifically, constraints (54) impose that sth site
of the haplotype hi ðhi0 Þ, inducing the subset Si ðSi0 Þ, must be set to 0 when genotype gi has its sth
site equal to 0. By analogy, constraints (55) impose that sth site of the haplotype hi ðhi0 Þ must be
set to 1 when genotype gi has its sth site equal to 1. Constraints (56) impose that exactly one
among the sth sites of the haplotypes hi and hi0 can be set to 1 when genotype gi has its sth site
equal to 2. Constraints (57) establish the relations between variables zis and yijk. Specifically, they
force the sth site of the haplotype hi to be equal to 0 when at least one genotype gk, whose sth
entry is equal to 0, belongs to the induced subset Si. By analogy, constraints (58) force the sth site
of the haplotype hi to be equal to 1 when at least one genotype gk, whose sth entry is equal to 1,
belongs to the induced subset Si. Finally, constraints (59)–(60) impose that the sum operation
among haplotypes is respected for any pair of haplotypes hi and hj in the solution.
Catanzaro et al. (2007) discussed possible preprocessing techniques to reduce the overall
number of variables and constraints, and provided valid inequalities to further strengthen the
model. Computational experiments carried out on Brown and Harrower’s benchmark instances
(Brown and Harrower, 2006) evidenced that Formulation 7 outperforms Formulations 4 and 5, is
characterized by a tight LP relaxation, and is able to handle instances containing hundreds of
genotypes and SNPs. At present, Catanzaro et al.’s (2007) model is possibly the most powerful
ILP approach available for PPH.
4.4. PBO algorithms
PBO algorithms are an alternative approach to combinatorial branch-and-bound algorithms and
ILP models. At the core of a PBO is an iterative procedure that checks whether there exists a
haplotype set H of fixed cardinality able to resolve the genotype set G. Starting from a lower
bound, the algorithm considers increasing values of the cardinality of H until an upper bound is
reached. At each iteration, a Boolean satisfiability problem is solved, and in case of a positive
answer the algorithm stops.
The first PBO algorithm for PPH was presented by Lynce and Marques-Silva (2006a, b) and
can be summarized as follows. Denote hk(s) and gi(s) as the sth SNP of haplotype hkAH and
genotype i 2 G, respectively. Let r be the cardinality of H and let sk1 i and sk2 i be two Boolean
variables such that if both of them are equal to true then genotype gi is resolved by haplotypes hk1
and hk2. Then, the following SAT model is a valid formulation of PPH:
Formulation 8. Lynce and Marques-Silva’s (2006a) PBO algorithm
ð:hk1 s _ :sk1 i Þ ^ ð:hk2 s _ :sk2 i Þ;

8 k1 ; k2 2 H; i 2 G; s 2 SNP : gi ðsÞ ¼ 0;

ð62Þ
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ðhk1 s _ :sk1 i Þ ^ ðhk2 s _ :sk2 i Þ;

8 k1 ; k2 2 H; i 2 G; s 2 SNP : gi ðsÞ ¼ 1;

ðgi ðsÞ _ gj ðsÞÞ ^ ð:gi ðsÞ _ :gj ðsÞÞ;

8 i; j 2 G; s 2 SNP : gi ðsÞ;

ð63Þ

gi ðsÞ 2 f0; 1g; gi ðsÞ 6¼ gj ðsÞ;

ð64Þ

ðhk1 s _ :gi ðsÞ _ :sk1 i Þ ^ ð:hk1 s _ gi ðsÞ _ sk1 i Þ^
ðhk2 s _ :gj ðsÞ _ :sk2 j Þ ^ ð:hk2 s _ gj ðsÞ _ sk2 j Þ;
r
X

k1 ¼1

sk1 i ¼ 1

!

^

r
X

k2 ¼1

!

sk2 i ¼ 1 ;

8k1 ; k2 2 H; i; j 2 G; s 2 SNP : gi ðsÞ ¼ 2; i 6¼ j;

ð65Þ

8i 2 G:

ð66Þ

Constraints (62)–(65) impose the sum operator between haplotype. Constraints (66) impose
that each genotype be resolved by exactly 2 haplotypes. The authors used a SAT solver to
implement Formulation 8 and Brown and Harrower’s (2006) instances to compare the
performances versus HybridIP. Computational experiments showed that Formulation 8 outperforms HybridIP.
In a second article, Graça et al. (2007) developed techniques to break the symmetries
in Formulation 8, and strategies to compute tight lower and upper bounds (Marques-Silva
et al., 2007). The overall performances of the final formulation improves over Lynce and
Silva’s PBO; however, they are still not comparable with those of Catanzaro et al.’s (2007) model.

5. Non-exact approaches
5.1. Approximation algorithms
The first approximation algorithm for PPH was proposed by Lancia et al. (2004). The algorithm is
mainly a primal heuristic for Formulation 3. Assume that each genotype g 2 G contains at most k
heterozygous sites. Let zLP be the optimal value of the LP relaxation of Formulation 3, and let
ðx( ; y( ; z( Þ be the corresponding optimal solution. Scale the value of each variable by a factor of
2k ! 1. If the value so obtained is at least 1 then round the variable to 1, otherwise set it to 0. Lancia
and colleagues proved that the so obtained solution is always feasible for PPH, and that its value
is at most 2k ! 1 times from the optimum. In the same article, the authors also described an
alternative approximation algorithm for PPH having, however, an approximation ratio of
2kþ1 b log pbð1 þ d log peÞ.
A second approximation algorithm was proposed more recently by Lancia and Rizzi (2006).
The idea at its core exploits the mutual reduction between PPH and the NC problem (Garey and
Johnson, 2003). Specifically, since NC can be approximated by means of a well-known 2k ! 1
primal–dual approximation algorithm (Vazirani, 2001) (where k is the number of nodes of the
instance of NC), and since NC can be reduced polynomially to PPH, then also PPH can be
approximated with the same approximation ratio.
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5.2. Greedy heuristics
Li et al. (2005) proposed the first greedy constructive heuristic for PPH. The algorithm, called
Parsimonious Tree Grow ( PTG), is based on the following rationale. If genotypes in G have only
one site, then one can resolve G by means of no more than two distinct haplotypes. If genotypes in
G have p sites and one is able to resolve a restricted instance of PPH in which genotypes have
( p ! 1) sites, then a solution for G can be obtained by adding opportunely a new site of value 0 or
1 to the haplotypes previously computed (Li et al., 2005). The haplotype construction process is
iterative, and is performed by means of a binary tree in which the nodes of each level corresponds
to the successive sites of genotypes that are explained. PTG is characterized by an overall
computational complexity O(mp2) and can tackle, in about 500 s, instances of PPH containing up
to 200 genotypes of 1000 SNPs each.
An alternative greedy heuristic, called Collaps, was proposed by Bertolazzi et al. (2008). The
idea at its core is based on the fact that any solution of PPH may be represented by means of a
matrix H having at most 2m distinct rows and p columns. Collaps assumes that the rows of H are
sorted according to the order of G so that, considered the kth genotype gk 2 G, h2k ! 1 and h2k are
the rows of H resolving gk. Then, in correspondence with the sth heterozygous site of each
!ks ¼ ð1 ! wks Þ, and sets h2k!1;s ¼
genotype gk 2 G, Collaps creates two logic variables, wks and w
!ks . Subsequently, the algorithm iteratively determines the values of the logic
wks and h2k;s ¼ w
variables so that the number of distinct haplotypes be minimized. The value assignment is
performed by enumerating a number of possible cases in which any two rows of H become equal.
Experimental results, carried out on Brown and Harrower’s benchmark instances, have evidenced
that Collaps can tackle larger instances than PTG in a comparable computing time. For this
reason, Collaps is possibly the best greedy heuristic currently available for PPH.
The most recent constructive heuristic was proposed by Lancia and Serafini (2008) and is
based on a slight modification of Wang and Xu’s greedy heuristic (Wang and Xu, 2003)
(already described in Section 4). The only variant lies in the logic at the core of the selection of the
haplotypes to resolve the genotypes. Specifically, the algorithm computes the smallest
set of haplotypes that explain the largest number of genotypes, and then completes the haplotype
set by adding those haplotypes necessary to resolve the remaining unexplained genotypes.
The authors embodied the heuristic inside the exact algorithm for PPH and did not provide
any specific experimental result for it. Hence, at present no evaluation of its performance is
possible.

5.3. Semi-definite programming heuristics
Kalpakis and Namjoshi (2005) proposed a heuristic approach to the solution of PPH based on
semi-definite programming. Specifically, the authors firstly provided a quadratic formulation of
PPH, characterized by a polynomial number of variables and constraints, and hence, relaxed the
integrality conditions, thus obtaining a semi-definite programming problem. Once the problem
was solved, the authors proceeded either by rounding variables or by fixing them repeatedly
to 0/1, until a feasible solution for PPH was obtained. Unfortunately, computational experiments
showed that this kind of approach is extremely time consuming and can be applied to instances
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containing no more than 20 genotypes. A very similar approach was also proposed by Huang
et al. (2005). However, no information about its performance was given in that paper.

5.4. Metaheuristics
To the best of our knowledge, the only attempts at solving PPH by means of metaheuristics are
restricted to the works of Wang et al. (2005) and Di Gaspero and Roli (2008). Wang et al. (2005)
designed a genetic algorithm to tackle instances of PPH (Wang et al., 2005). Starting from a
random initial haplotype set S, select two haplotype subsets S1 and S2 from S. By means of
specific genetic operators (selection, tournament, crossover, and mutation; see Wang et al., 2005,
for implementation details) generate a new subset S3 from S2 and set S 5 S1 [ S3. Iterate the
whole procedure until the stop conditions are met.
Wang et al. (2005) compared the performance of their genetic algorithm against Wang and Xu’s
exact algorithm (see Section 4) and observed that in general the former outperforms the latter on
simulated instances. Unfortunately, at present no information about the performance of the
genetic algorithm of Wang et al. (2005) on biological instances is available.
An alternate metaheuristic approach was proposed by Di Gaspero and Roli (2008) who
designed a set of stochastic local searches for PPH, namely best improvement (BI), stochastic first
improvement (SFI), simulated annealing (SA), and tabu search (TS). The local searches are
instances of the general strategies described in Blum and Roli (2003). All of them start with a set
of haplotypes of cardinality 2m and then explore the solution space iteratively, modifying pairs of
resolving haplotypes in order to reduce the number of distinct ones. The authors designed specific
neighborhoods of a haplotype (i.e., subsets of haplotypes that can be obtained from a given
haplotype by modifying opportunely some sites), and hence defined some strategies to explore
those neighborhoods. Specifically, BI and SFI explore a neighborhood by choosing the best,
respectively the first, haplotype set that locally minimize the number of distinct haplotypes
necessary to resolve g; SA explores a neighborhood by selecting a haplotype set according to
probabilistic choice function. Finally, TS explores the neighborhood in the same way as BI but
restricts the choice of the haplotypes with a set of forbidding rules. The authors tested their
stochastic local searches on a number of instances including Brown and Harrower’s (2006)
benchmark instances. Computational results showed that such local searches are able to optimally
solve almost all instances within 24 h.

6. Conclusion
The analysis of low-rate recombination genes of different molecular functions, e.g., chaperone,
ligase, isomerase, kinase, and transferase (see The International HapMap Consortium, 2007), has
shown that the number of haplotypes existing in a large population of individuals is generally
much smaller than the overall number of distinct genotypes observed (Wang and Xu, 2003). This
insight has suggested that, at least for low-rate recombination genes, the criterion of minimizing
the overall number of haplotypes necessary to explain a set of genotypes may have good chances
to recover the haplotype set (Wang and Xu, 2003). This is the fundamental consideration at the
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core of the pure parsimony criterion of haplotype estimation and of the corresponding PPH
problem.
Here we have presented a general introduction and a review of the existing literature about
PPH. Our purpose has been to introduce a classification scheme in order to provide a general
framework for papers appearing in this area. We have described in detail the biological reasons at
the core of the pure parsimony criterion, and formalized the corresponding optimization problem.
Subsequently, we have classified the literature according to the different approaches to proposed
solutions. This division has been further differentiated into distinct, approximately homogeneous
sub-areas, and the basic aspects of each have been discussed. For each, also, the most relevant
issues affecting their use in tackling real-world-sized problems have been outlined, as have the
most interesting refinements deserving further research effort.
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